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Par les gosses battus, par l’ivrogne qui rentre
Par l’aˆne qui rec¸oit des coups de pied au ventre
Et par l’humiliation de l’innocent chaˆtie´
Par la vierge vendue qu’on a de´shabille´e
Par le fils dont la me`re a e´te´ insulte´e
Je vous salue, Marie1
To Theres and Seraina, to the memory of Marta
ON CM Zp-EXTENSIONS AND THE LEOPOLDT
CONJECTURE FOR CM FIELDS
PREDA MIHA˘ILESCU
Abstract. We show that Leopoldt’s conjecture holds in CM fields. For
the proof we construct a CMZp-extension of some CM field in which the
Leopoldt conjecture is supposed to fail, and using the classes of primes
which are completely split in this extension, we derive an contradiction.
The method of proof can be described as a stability check of Λ-modules
under deformations in Thaine shifts.
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1. Introduction
Leopoldt suggested in his seminal paper [11] that the p-adic regulator
of abelian extensions of Q never vanishes. This fact could be proved by
Brumer [3] in 1967, using a plan of Ax [1], as soon as Baker had proved
his archimedean version of the approximation Theorem for linear forms in
logarithms [2]: it remained to adapt Baker’s proof to the p-adic topology.
The fact that Leopoldt’s observation should hold in arbitrary number fields
became soon a largely accepted conjecture. It should however be noted,
that Leopoldt’s definition of the p-adic regulator as a formal adaptation of
the global regulator, in which logarithms are taken p-adically, only makes
sense in totally real or CM fields. For non-CM fields, there is no simple and
canonical definition known: therefore, the Leopoldt conjecture for this case
should be related to the equality of Z- and Zp ranks of the units, as defined
below. The purpose of this paper is to prove:
Theorem 1. For odd primes p, the Leopoldt Conjecture holds in arbitrary
CM extensions K/Q.
1.1. Notations and fundamental facts. Let p be an odd rational prime.
In this paper we denote number fields with black board bold letters –
B,F,L,Q, etc. Bold characters will be used in general for local fields or
for denoting generic fields in some general remarks. We consider CM num-
ber fields K; their cyclotomic Zp-extension will be denoted by K∞, while
L will denote some other Zp-extension of the same field. The intermediate
fields will be Kn, resp. Ln.
If L/K is an arbitrary Zp-extension, with group Γ ∼= Zp, generated by τ ∈
Γ as a topological generator, the Iwasawa algebra is Λ = Zp[[T ]], T = τ − 1.
The intermediate fields are Ln ⊂ L and, if L = K∞ is the cyclotomic Zp-
extension, then we always assume that Kn = Ln contains the p
n-th roots
of unity, but not the pn+1-th ones; this can be achieved by an adequate
numeration, at least for some sufficiently large n, as shall be shown in more
detail in the next chapter. The Zp-extension of Q is denoted by B∞ and we
count the intermediate fields according to Bn = Q[ζpn ]∩B∞, with ζpn some
primitive pn-th root of unity.
We write τn = (T + 1)
pn−k for the power of τ that generates the fixing
group of Kn, and ωn = τn − 1; for j > 0, we let νn+j,n = ωn+j/ωn. The
p-parts of the ideal class groups of Kn,Ln are An = A(Kn), A(Ln). The
injective limit is denoted traditionally by A = lim−→nAn, but we shall not use
this limit in the present paper.
Let H(Kn) be the maximal p-abelian unramified extensions of Kn, for
all n ∈ N and let Xn = X(Kn) = Gal(Hn/Kn). Furthermore, H(K) =
∩∞n=1H(Kn) and X = lim←−nXn, the projective limit being taken with respect
to restriction maps. The module X is a Noetherian Λ-torsion modules on
which complex conjugation acts, inducing the decomposition X = X+⊕X−.
The Artin maps ϕ : An → Xn are isomorphisms of finite abelian p-groups;
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whenever the abelian extension M/K is clear in the context, we write ϕ(a)
for the Artin Symbol
(
M/K
a
)
, where a ∈ C(K) if M is unramified, or a is an
ideal of K otherwise. Complex conjugation acts on class groups and Galois
groups, inducing direct sum decompositions in plus and minus parts:
An = A
+
n ⊕A−n , Xn = X+n ⊕X−n , etc.
The idempotents which act on abelian groups, generating plus and minus
parts are 1±2 ; since 2 is a unit in the ring Zp acting on these groups, we
also have Y + = (1 + )Y and Y − = (1 − )Y , for Y ∈ {An,Xn,X, . . .}.
Throughout the paper, we shall use, by a slight abuse of notation and unless
explicitly specified otherwise, the additive writing for the group ring actions.
This is preferable for typographical reasons.
Our working base field K will be endowed with a series of properties which
shall be discussed in the next chapter. In particular, the norms NKm/Kn :
Am → An are surjective for all m > n > 0. The sequence (An)n∈N is
projective with respect to the norm maps and we denote their projective
limit by pA = lim←−nAn. The Artin map induces an isomorphism of compact
Λ-modules ϕ : pA → X. The elements of pA are norm coherent sequences
a = (an)n∈N ∈ pA with an ∈ An for n ≥ κ; we let a0 = a1 = . . . = aκ. It is
customary to identify X with pA via the Artin map.
Let M be a Noetherian Λ-torsion module. It is associated to an elemen-
tary Noetherian Λ-torsion module E(M) ∼M defined by:
E(M) = Eλ(M) ⊕ Eµ(M), with
Eµ(M) = ⊕ri=1Λ/(peiΛ), Eλ(M) = ⊕r
′
j=1Λ/(f
e′j
j Λ),
where all ei, e
′
j > 0 and fj ∈ Zp[T ] are irreducible distinguished polynomials.
The pseudoisomorphism M ∼ E(M) is given by an exact sequence
1→ K1 →M → E(M)→ K2 → 1,(1)
in which the kernel and cokernel K1,K2 are finite. We define λ and µ-parts
of M as follows:
Definition 1. Let M be a Noetherian Λ-torsion module. The λ-part L(M)
is the maximal Λ-submodule of finite p-rank contained in M . The µ-part
M(M) is the Zp-torsion submodule of M ; it follows from the Weierstraß
Preparation Theorem that there is some m > 0 such that M(M) = M [pm].
The maximal finite Λ-submodule ofM is F(M), its finite part. By definition,
L(M) ∩M(M) = F(M).
Let the module D(M) = L(M) +M(M) be the decomposed submodule
of M . Then for all x ∈ D(M) there are xλ ∈ L(M), xµ ∈ M(M) such
that x = xλ + xµ, the decomposition being unique iff F(M) = 0. The
pseudoisomorphism M ∼ E(M) implies that D(M) ∼ E(M) too, and thus
[M : D(M)] <∞.
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If x ∈M \ D(M), the L- and the D-orders of x are, respectively
ℓ(x) = min{j > 0 : pjx ∈ L(M)}, and(2)
δ(x) = min{k > 0 : pkx ∈ D(M)} ≤ ℓ(x).
If K is a number field, we denote its units by E(K) = O×(K). Dirich-
let’s unit theorem states that, up to torsion made up by the roots of unity
W (K) ⊂ K×, the units E = O(K)× are a free Z - module of Z - rank
r1 + r2 − 1. As usual, r1 and r2 are the numbers of real, resp. pairs of
complex conjugate embeddings K →֒ C. We consider the set P = {℘ ⊂
O(K) : (p) ⊂ ℘} of distinct prime ideals above p and let
Kp = Kp(K) =
∏
℘∈P
K℘ = K⊗Q Qp
be the product of all completions of K at primes above p. Let ι : K →֒ Kp
be the diagonal embedding. We write ι℘(x) for the projection of ι(x) in the
completion at ℘ ∈ P . If y ∈ Kp, then ι℘(y) is simply the component of y in
K℘. If U ⊂ K×p is the group of units, thus the product of local units at the
same completions, then E embeds diagonally via ι : E →֒ U .
Let E = ι(E) =
⋂
n>0 ι(E) · Up
n ⊂ U be the p-adic closure of ι(E); this
is a Zp - module with Zp-rk(E) ≤ Z-rk(E) = r1 + r2 − 1. The difference
DL(K) = Z-rk(E)− Zp-rk(E)
is called the Leopoldt defect. The defect is positive if, in the idelic embedding,
units which are Z-independent, are related p-adically. In CM fields, this is
equivalent to the vanishing of the p - adic regulator of K.
The connection of Leopoldt’s conjecture to class field theory was noted
by Iwasawa in [6]. He shows that if Ω(K) ⊃ K∞ is the maximal p-abelian p-
ramified extension of K, then Gal(Ω(K)/K) ∼ Znp , where n = r2+1+DL(K);
the proof of this fact is in any text book on cyclotomy and Iwasawa theory.
For CM extensions K, the contraposition of the conjecture herewith reduces
to the statement that K+ has more Zp-extensions than just the cyclotomic
one. It is this assumption which we shall use and lead to a contradiction.
If Leopoldt fails thus for K+ and if L+/K+ is a further Zp-extension, it will
be totally real and L = L+ · K will be a CM extension. For such fields, an
equivalent formulation of the Leopoldt conjecture is thus:
Conjecture 1 ( Leopoldt ). The only Zp-extension of a totally real field is
the cyclotomic one, and a CM number field has no CM Zp-extensions except
for the cyclotomic one.
We shall use this particular formulation of the conjecture in this paper.
1.2. Historical notes. Since 1967 various attempts have been undertaken
for extending the results of [3] to non abelian extensions, using class field
theory, Diophantine approximation or both. The following very succinct list
is intended to give an overview of various approaches, rather than being an
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extensive list of results on Leopoldt’s conjecture. In [5], Greenberg notes a
relation between the Leopoldt Conjecture and a special case of the Greenberg
Conjecture: he shows that Leopoldt’s Conjecture implies that the T -part
pA(T ) is finite for totally real fields, i.e. the Greenberg Conjecture holds for
the T - part.
Emsalem, Kisilevsky and Wales [4] use group representations and Baker
theory for proving the Conjecture for some small non abelian groups; this
direction of research has been continued in some further papers by Em-
salem or Emsalem and coauthors. Jaulent proves in [8] the Conjecture for
some fields of small discriminants, using the phantom field Φ which we de-
fine in the Appendix. Currently the strongest result based on Diophantine
approximation was achieved by Waldschmidt [14], who proved that if r is
the Z - rank of the units in the field K, then the Leopoldt defect satisfies
DL(K) ≤ r/2.
1.3. Plan of the proof. We start with several general observations.
Remark 1. A. If Kstart is a field for which DL(Kstart) > 0, then it is
known that the same holds for arbitrary finite algebraic extensions
K/Kstart; this is noted, for instance, by Laurent in the introduction
to [10]. It follows from the fact that the linear relations between Z-
generators of the units of E(K1), which arise upon p-adic completion,
will be preserved under the embedding into the units E(K).
B. If K is a CM extension containing the pm-th roots of unity and
L+/K+ is a p-ramified cyclic extension of degree pm, then there is
a class a ∈ A−(K) such that L+ · K = K[a1/pm ] in the sense that
for each A ∈ a there is an α generating the principal ideal A(1−)pm ,
and such that L = K[α1/p
m
]. We shall use this notation for explicit
Kummer extensions throughout the paper.
C. The base field K can be modified within the same Zp-extension, by
replacing K with Kn, say. As a consequence, the Iwasawa algebra
may become Λ′ = Zp[[ωn]].
The proof is inspired by a construction of Iwasawa for showing that there
exist Λ-extensions with µ > 0. We assume that Kstart is some CM extension
for which the Leopoldt defect does not vanish, and create first an auxiliary
extension K ⊃ Kstart which also has positive Leopoldt defect, together with
some additional properties. This construction of a working base field will
be the topic of the first part of the second chapter. The working base field
K comes together with a norm coherent sequence a˜ = (a˜m)m∈N ∈ pA−(K∞).
For some sufficiently large N , we construct a CM Zp-extension L/K which
intersects the cyclotomic one in KN = L ∩K∞ and has the property that a
chosen prime q ∈ a˜N is totally split in L/KN . Let the intermediate fields of
L be Ln, with LN = KN , as previously noted. We choose a norm coherent
sequence of primes qn ⊂ O(Ln) above q and let an = [q1−n ] be their classes.
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Using the same prime q we construct a split Thaine shift: this is the
compositum of L with the subfield F ⊂ Q[ζq] of degree p in the q-th cy-
clotomic field, where q is the rational prime below q. We let L′n = Ln · F
and Qn ⊂ L′n be the ramified primes above qn. They define the norm co-
herent sequence of classes bn := [Q
1−
n ] which form the Thaine lift of an; let
a = (an)n∈N ∈ pA−(L) and b := (bn)n∈N ∈ pA−(L′). Due to ramfication, the
lift is in this case unique and verifies a = pb. A cohomological investigation,
using the Hasse Norm Principle, shows that b must be indecomposed. With
this construction in place, it is then a matter of a straightforward algebraic
computations, to obtain a contradiction with the premises about the choice
of a˜ and q, which yields the proof of the Conjecture. This proof is provided
in the third chapter.
2. Auxiliary constructions
In this chapter we construct the base working field and the Thaine shift
mentioned in the introduction. Let Kstart be a CM number field in which
the Leopoldt conjecture fails for the odd prime p. In view of point A. in
Remark 1, we shall start by constructing a sequence of extensions of Kstart,
eventually obtaining a CM extension K ⊃ Kstart endowed with a series
of properties that are required for our proof, and in which the Leopoldt
conjecture is thus false, too. We start with the construction of an auxiliary
field, which is essentially independent of Kstart.
We adopt throughout this paper the following counting convention. Let
M be an arbitrary number field and Bκ = M ∩ B∞. We then count the
intermediate fields of the cyclotomic Zp-extension of M as follows: M =
M0 = M1 = . . .Mκ ( Mκ+1. This way, for m > κ we always have Mm ∩
B∞ = Bm. All groups associated to the intermediate fields are counted
accordingly, thus A0(M) = . . . = Aκ(M). In addition, ifM
′/M is some other
Zp-extension which intersects the cyclotomic nontrivially, say M
′ ∩M∞ =
Mn, then the counting of intermediate fields of M
′ is induced from the one
for M∞. Thus M
′
n+1 ⊂M′ will be the subfield of degree p over Mn =M′n.
We start with the investigation of the torsion of minus parts in CM Zp-
extensions. The first two sections of this chapter provide some general facts
about CM fields and CM Zp-extensions thereof. They are herewith depen-
dent on the failure of the Leopoldt conjecture for the base field – but its
choice is still arbitrary, except for the fact that it should possibly be galois
and contain the p-th roots of unity.
2.1. On CM Zp-extensions of number fields and auxiliary fields.
In this section we gather several properties of CM Zp-extensions which are
the base for our approach; recall that the occurrence of CM Zp-extensions
different from the cyclotomic one, is equivalent to the failing of Leopoldt’s
conjecture for CM fields K. We let K be some galois CM number field
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for which the Leopoldt conjecture fails and let K∞ be its cyclotomic Zp-
extension. We let M be the compositum of all the Zp-extensions
1 of K, let
M+0 be the compositum of all the Zp-extensions of K
+ and M+ = K ·M+0 ⊂
M.
We denote by pA−(K)(T ∗) = {x ∈ pA−(K) : (T ∗)Mx = 0 for some N > 0}
the T ∗-part2 of pA−(K). The T ∗-torsion is pA−(K)[T ∗]. The radicals ofM+ as
a Kummer extension of K∞ are intimately related to the failure of Leopoldt’s
conjecture and to the T ∗-part of the class group, by the following folklore
result, which holds in the cyclotomic Zp-extension of a field:
Proposition 1. Let K be a CM field which contains the p-th roots of
unity and pA(K) = lim←−nA(Kn) be defined with respect to the cyclotomic
Zp-extension. Then
Zp-rk(
pA[T ∗]) = DL(K),
and in particular Leopoldt’s conjecture fails for K iff pA[T ∗] 6= 0. Moreover
M+ ⊆ K∞[(pA(T ∗))1/p∞ ].(3)
In particular, for every CM Zp-extension L/K there is a class a ∈ pA(T ∗) \
T ∗pA(T ∗) such that L ·K∞ = K∞[a1/p∞ ].
The proof of the proposition is sketched in the Appendix.
For the cyclotomic Zp-extension, it is known that
pA−(K∞) has no finite
p-torsion submodule. In the case of non-cyclotomic CM Zp-extensions, this
fact is almost true, namely:
Lemma 1. Let K be a CM extension containing the p-th roots of unity
and L/K be a CM Zp-extension with L ∩ K∞ = KN , N ≥ 1 and write
LN := KN ; [LN+n : KN ] = p
n. If µpN ⊂ L but µpN+1 6⊂ L, then the finite
torsion submodule C− := F(pA−(L)) ⊂ pA−(L) is a cyclic group of order pN
annihilated by T ∗.
Proof. Since the norms Nm,n : A
−(Lm) → A−(Ln) are surjective we have
|C−| ≥ |C−m| ≥ |C−n |. The group sizes |C−n | build thus an increasing, bounded
sequence of integers, so there is some n0 such that |C−n | = |C−| for all n > n0;
in fact, there are isomorphisms C−n
∼= C− for all such n. For such n, we
have also νn+1,n(C
−
n+1) = p · C−n+1 for n > n0. Since the lift ιn,n+1(C−n ) =
νn+1,nC
−
n+1, it follows that ιn,n+1(C
−
n ) = pC
−
n+1. The isomorphism C
−
n
∼=
C−n+1 implies that the capitulation kernel Pn := Ker (ιn,n+1 : C
−
n → C−n+1)
has maximal rank: p-rk(Pn) = p-rk(C
−
n ) = p-rk(C
−). Moreover, Nn+1,n ◦
ιn,,n+1 = ·p implies that exp(Pn) = p and thus Pn = C−n [p] for all n > n0.
We claim that p-rk(Pn) = 1, which implies that C
− must be Zp-cyclic. Let
c ∈ C−n [p] and C ∈ c be a prime with ιn,n+1(C) = (δ) and Cp = (γ), γ ∈ L×n
1Oberve that M was used previously to denote some generic CM extension, while it is
from now on the explicit product of all CM extension of a chosen field K.
2 Here ∗ : Λ→ Λ denotes the Iwasawa involution induced by τ 7→ χ(τ )τ−1, with χ the
cyclotomic character
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and δ ∈ L×n+1. Then there is a unit ε ∈ E(Ln+1) such that γ = ε · δp. By
dividing through the complex conjugates, we deduce that there is some root
of unity ξ ∈ µpN such that γ/γ = ξ2 · (δ/δ)p. Letting γ′ = ξ · γ, we find that
γ′
γ′
=
(
δ
δ
)p
.
The extension Ln+1/Ln is a cyclic Kummer extension of degree p, so let
β ∈ Ln be such that Ln+1 = Ln
[
(β/β)1/p
]
. We deduce by Kummer theory
that
γ′
γ′
= wp ·
(
β
β
)a
, for some w ∈ L×n and (a, p) = 1.
In terms of point 2. in Remark 1, we have thus Ln+1 = Ln[c
1/p]. This holds
for arbitrary c ∈ C−n [p], implying that C−n [p] must be cyclic, as claimed.
Let now pj = exp(C−) = |C−|. By an argument similar to the one used
above, we deduce that for arbitrary c ∈ C−n \(C−n )p we have Ln+j = Ln[c1/p
j
].
In addition, L/KN is abelian, so a straight forward computation implies that
pj = |W (L)| = pN , so j = N and C− ∼= Z/(pN · Z).
Finally, L/K is by definition a Zp-extension and thus TGal(L/K) = 0. In
particular, TGal(Ln+N/Ln) = 0 for all n > n0, and Kummer duality implies
that T ∗c = 0, which completes the proof. 
We note that there is some sequence β = (βn)n∈N ∈ pA−(K∞)(T ∗), such
that L ·K∞ = K∞[β1/p∞ ]. One can verify that the torsion of pA−(L) is built
from the restriction of classes in β to the intermediate fields of L, which also
explains that the torsion is annihilated by T ∗.
We have shown in [12] that the Iwasawa constant µ vanishes for cyclotomic
Zp-extensions of CM fields. This result simplifies the construction of our
base field and shall be applied here. We provide however in the Appendix a
construction which does not depend on the vanishing on µ and can thus be
used in contexts in which one wishes to avoid use of the proof in [12].
We know thus that µ(pA−(K∞)) = 0, so
pA−(K∞) = L(pA−(K∞)). Let
f(T ) be the minimal annihilator polynomial of pA−(K∞) and let n0 be chosen
such that the following conditions hold:
N1. For all x = (xn)n∈N ∈ pA−(K∞)\(p, T )·pA−(K∞) we have ord(an0) >
p2.
N2. The polynomial ωn0 ∈ (p, f(T ))Λ.
The condition N1 can be fulfilled, sinceM := pA−(K∞)/((p, T )·pA−(K∞))
has finite rank and for each x with non trivial image in M , the orders
ord(xn) diverge, so there is a minimal n
′
0 for which condition N1. holds.
For N2, notice that (p, F (T )) ⊃ (p, T λ), where λ = p-rk(pA−(K∞)) and
ωk ≡ T pk−κ mod p, so it suffices to choose n0 ≥ max(n′0, κ+ vp(λ) + 1). We
show in the Appendix, that if µ > 0 is assumed, it will suffice to replace
condition N2 by a sharper condition, which also depends solely on K.
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Lemma 2. There is some N > n0, such that for any CM Zp-extension
M′/K in with M′ ∩K∞ ⊃ KN , we have µ−(M′) = 0.
Proof. Note first that for n > k all the primes above p are totally ramified
in Kn/K and a fortiori in M
′/K. Assume now that µ−(M′) > 0 and let
x ∈ M(pA−(M′))\(p, T )M(pA−(M′)). Then xk+1 6= 0: otherwise, Iwasawa’s
Theorem VI [6] would imply that there is some y ∈ pA−(M′) such that x =
νk+1,1 y and thus ord(x) ·y ∈ Ker (νk+1,1) = 0. Therefore y ∈ M(pA−(M′)),
in contradiction with the choice of x. Since xk+1 6= 0, and x ∈ M(M′), it
follows that p-rk(Λxn) ≥ pn−k+1 for n > k. However, p-rk(Λxn) ≤ λ(K∞) <
∞, so by choosing N = n sufficiently large, we obtain a contradiction, which
implies that µ−(M′) = 0. 
We show how to construct an abelian extension of Q, which will be an
auxiliary step in the construction of our working base field
Lemma 3. Let m,k > 0 be integers. There is an imaginary quadratic
extension K which is linearly disjoint from K and does not contain the cube
roots of unity, and an abelian extension Kaux/Q with K ⊂ Kaux, which is
unramified at the primes that ramify in K and such that pA−(Kaux,∞) 6= 0.
Moreover, there is a norm coherent sequence
α = (αn)n∈N ∈ pA−(Kaux,∞) \ (p, T ) · pA−(Kaux,∞), such that
ωkmα 6∈ ppA−(Kaux,∞).(4)
Proof. Let K = Q[
√−D];D 6= 3 be an imaginary quadratic extension which
is unramified at the rational primes which ramify in K and let m′ be such
that deg(νm′,1) > deg(ω
k+1
m ) as polynomials in T . Note that K satisfies
the premises of the Lemma. Let r ⊂ Km′ be a totally split principal ideal
above a rational prime r ≡ 1 mod p which does not ramify in K, and let
F′ ⊂ Q[ζr] be the subfield of degree p in the r-th cyclotomic extension. We
assume in addition that r is inert in K∞/Km′ . Then L = K · F′ is the inert
Thaine shift of K through the prime r, and was studied in §2 of [12]. Let
R = Fp[Gal(Km′/K)] and F
′ = Gal(F′/Q). We apply the Proposition 2
below, in which we let n = m′ and L = K,L′ = L. The relation 6 implies
that Hˆ(1)(F, pA−(L)) ∼= R as a cyclic Fp[T ] - module. Moreover, applies
Tchebotarew to deduce that there is a norm coherent sequence v ∈ pA−(L)\
(p, T ) · pA−(L), such that the image β(v) ∈ Hˆ(1)(F, pA−(L)) generates this
cyclic R-module. Since Hˆ(1)(F, pA−(L)) is annihilated by p and νm′,1, if
follows in particular that T d−1v 6∈ p · pA−(L), with d = deg(νm′,1). We
conclude from the choice of m′, that for α = v and Kaux = L the condition
(4) is verified. 
2.2. The working base field and a split Thaine shift. In this section
we shall construct what has been already designed as the working base field
K over which we develop our proof. Suppose that some CM number field
Kstart is provided, in which the Leopoldt Conjecture fails for the prime p
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Q
k = Q(
√−D)
Kaux,0
Q(ζr) Kaux Bκ
B∞
Kini = K
(n)
start[ζ]
K
Kaux,∞ k∞
Figure 1. The working base field K
and let K−1 := K
(n)
start[ζp] be the galois closure of Kstart, to which we adjoin
the p-th roots of unity. Let κ > 0 be determined by K−1∩B∞ = Bκ. We let
then m = κ and k = 3 in the Lemma 3 and let Kaux be the number field, the
existence of which is proved in the Lemma. We then define Kini = K−1 ·Kaux
and by construction, we also have Kini∩B∞ = Bκ. Thus, if γ˜ ∈ Gal(K∞/Q)
is a lift of a topological generator of Gal(Kaux,∞/Kaux), then τ˜ := γ˜
pκ−1 is
a topological generator of Gal(K∞/K). Letting T˜ = τ˜ − 1, we see that the
Lemma 3 provides a sequence α ∈ pA−(Kaux) such that T˜ kα 6∈ p ·pA−(Kaux).
Let now K := Kini,n0, with n0 determined by the conditions N1, N2
with respect to the field Kini, let κ = κ(K). Let N > κ be such that
p-rk(A−(KN )) = p-rk(
pA−(K)) < pN−κ−1. Consider a prime ideal q ⊂ KN
which is totally split and such that NKN/Kaux,N (q) ∈ αN . Such a prime can
be determined by Tchebotarew. We let a˜N = [q
1−] and a˜m = NN,m(aN ) for
m < N . We can extend the sequence a˜m to a norm coherent a˜ ∈ pA−(K∞)
with NK/Kaux(a˜) = α; this can also be proved using the Tchebotarew theo-
rem.
Let M ⊃ K∞ be the compositum of all CM Zp-extensions of K. Since
Leopoldt’s Conjecture was assumed to fail, we have Zp-rk(Gal(M/K)) ≥ 2,
and in fact larger lower bounds can be gained from the theory of representa-
tions. Let q0 = q∩K be the prime below q and let D(q0) ⊂ Gal(M/K) be its
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decomposition group. Since q0 does not ramify, we haveD(q0) = Zp, so there
is at least one CM Zp-extension of K in which q0 is totally split and which
contains KN . Let thus L/K be a CM Zp-extension with L∩K∞ = KN , with
[Ln : LN ] = p
n−N for all n > N , in the natural counting induced by setting
LN = KN . By Lemma 2, we know that µ
−(L) = 0. We let Γ = Gal(L/K)
and τ ∈ Γ be a topological generator such that τ |KN = τ˜ |KN . We also let
T = τ − 1 and note that T and T˜ act identically on groups related to the
field KN or its subfields, such as A
−(Kn), n ≤ N . Let qn ⊂ Ln for n > N
build a norm coherent sequence of (totally split) primes above q. We define
an = [q
1−
n ] to be the respective classes and a = (an)n∈N ∈ pA−(L). We
claim that
a = aλ ∈ L(pA−(L)) and(5)
T 3a 6∈ p · pA−(L) and T 3aλ,n 6∈ pA−(Kn) ∀n ≤M.
Indeed, we have aN 6∈ (p, T )A−(KN ) = A−(LN ), so a fortiori a 6∈ (p, T )pA−(L).
Moreover, Lemma 2 implies that a ∈ L(pA−(L)) = pA−(L). The second con-
dition in (5) follows from the construction of a˜.
Let now q ∈ N be the rational prime below q and let F ⊂ Q[ζq] be the
subfield of absolute degree p in the q-th cyclotomic extension. We let the
split Thaine shift of K be K′ = K · F with its Γ-extension L′ = L · F;
obviously, Gal(L′/K′) = Gal(L/K) = Γ and F := Gal(F/Q) commutes with
∆0 = Gal(K/Q). We let ν ∈ F be a generator of this cyclic group of order
p, write s = ν − 1 and N =∑p−1i=0 νi. We note that
N = p+ sf(s) = pu(s) + sp−1, for some f ∈ Zp[s], u ∈ (Zp[s])×.
The primes above q are ramified in L′n/Ln for all n > 0 and we let Qn
be the ramified primes above qn for n > 0. Let bn = [Q
1−] be the induced
classes and b = (bn)n∈N ∈ pA−(L′) be the corresponding norm coherent
sequence. Ramification implies that pbn = an for all n > 0 and sbn = 0.
We call the sequence b ∈ pA−(L′) a Thaine lift of a. Since pb = a, it
follows that the minimal annihilator polynomial of pb divides f(T˜ ) and thus
(p, f(T˜ ))b ∈ D(pA−(L′)) is decomposed. Condition N2 implies that in fact
Tb is decomposed.
3. Proof of the main Theorem
The proof of the main Theorem will follow by simple algebraic arguments
based on the previous results and construction, as soon as we establish the
fact that the Thaine lift must be indecomposed under the given assumptions.
3.1. Cohomologic results concerning the Thaine lift. We keep the
notation of the previous chapter and denote the Tate-cohomologies by
Hˆ i(F,X), i = 0, 1,
with X some finite or infinite abelian group on which F =< ν > acts. These
are governed by the Hasse Norm Principle and similar properties which are
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Q
Bκ
B∞
K
F
Q(ζq)
KN = LN
L
′
N
K∞
Ln
L
′
n = F.Ln
L∞
L
′
∞ = F.L∞
Figure 2. The Thaine split shift of L
ingredients of the proof of Chevalley’s Theorem, also called the ambig class
formula [13], Chapter 13, Lemma 4.1.
Recall that q ∈ KN is totally split in L/Q and we denoted by q0 the prime
of K below q. The following proposition determines the Tate cohomology
groups Hˆ i(F, pA−(L)), i = 0, 1 and will be proved in the Appendix. We define
in addition to ∆0, the galois groups ∆ = Gal(K/K) and ∆n = Gal(Ln/K)
Proposition 2. Notations being like above, let ∆ = Gal(K/K) and D =
|∆|. For every n > N we have
Ĥ i(F,A−(Ln)) ∼= Λ[∆][T ]/(p, ωn), i = 0, 1.(6)
In the limit, Ĥ i(F, pA−(L)) are free Fp[[T ]]-modules of rank D. Letting
βi :
pA−(L)→ Ĥ i(F, pA−(L))(7)
be the natural projections. With this notation, β0(b) generates Ĥ
0(F, pA−(L))
as a free Fp[[T ]][∆]-module. In particular, Λb is indecomposed.
3.2. The final argument. The assumption that the Leopoldt Conjecture
fails for some CM field Kstart led us to the construction of a CM Zp-extension
L and a Thaine lift L′ thereof, together with a norm coherent sequence
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a = pA−(L). This sequence consists of classes determined by a sequence of
totally split primes, and a Thaine lift b thereof is determined by ramified
primes above the ones defining an. Moreover, the Hasse Norm Principle
shows that, if the construction is valid – and thus Leopoldt’s Conjecture is
false – then b must be indecomposed.
We now investigate the reciprocal relations of a and b, and, using decom-
position results, will derive a contradiction. Since a = pb ∈ L(pA−(L)) is
decomposed, the choice of N implies that Tb ∈ D(pA−(L′)), so let
Tb = bλ + bµ.
Then sbλ + sbµ = Tsb = 0, so
sbλ, sbµ ∈ L(pA−(L′)) ∩M(pA−(L′)) = C−(L′).
Since the finite torsion module C− is annihilated by T ∗, it follows that
T ∗bλ ∈ Ker (s : L(pA−(L′))→ L(pA−(L′))).
Moreover, since Hˆ0(F, pA−(L′)) is a torsion-free Fp[[T ]]-module, while the
image of bλ in this module has a finite annihilator, it follows that T
∗bλ ∈
ιL′/L(
pA−(L)). Let thus T ∗bλ = ι(z) for some z ∈ pA−(L). We have the
following sharpening: let sbλ = −sbµ = x ∈ C−(L′). Then N (x) = 0, so
x ∈ Ker (s : C− → C−) = C−[p], so in fact px = 0.
On the other hand,
N (Tb) = Ta =
(
p
(
1 +
p− 1
2
s
)
+O(s2)
)
· (bλ + bµ).
Since sC−(L′) = 0, we also have s2bλ = s
2bµ = 0; we have seen that
psbλ = psbµ = 0. Thus N (bλ) = pbλ and N (bµ) = pbµ ∈ M(pA−(L)), so
pbµ = 0. By comparing parts in the previous identities, we deduce that
TT ∗a = N (T ∗bλ) = N (ι(z)) = pz and pbµ = 0.
In particular, since T ∗ ≡ T mod p, we deduce that T 2a ∈ p · pA−(L). At
level N , this implies
aN ∈ p ·A−(KN ),
in contradiction with the relation (5). This contradiction shows that the
above construction is inconsistent, so the Leopoldt Conjecture must hold
for all CM fields and all odd primes p.
4. Appendix :Proof of Proposition 1
Let the module N = pA−(K∞)(T
∗) be defined in the cyclotomic Zp-
extension of K, and suppose that K is a CM-extension with positive Leopoldt
defect and containing the p-th roots of unity. We have mentioned that
Zp-rk(Gal(M
+/K∞)) = DL(K), a fact which is proved in all text-books. Let
Ω ⊃ K∞ be the maximal p-abelian p-ramified extension of K∞ and
ΩE =
⋃
n
Kn[E(Kn)
1/pn ] ⊂ Ω.
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Let M ⊂ Ω(K) be the compositum of all Zp-extensions of K and let
Φ =M− ∩ (H− ∩ ΩE). One can build an explicit map ρ : E(K)⊗Z Zp → E
such that Ker (ρ) ∼ Rad(Φ/K∞) and thus Zp-rk(Gal(Φ/K∞)) = DL(K)
while reflection yields T ∗Gal(Φ/K∞) = 0. The extension Φ was for instance
investigated by Jaulent in [7]; we denote it the phantom field associated to
the Leopoldt conjecture.
The p-ramified, p-abelian, real extensions of K∞ are obtained as Kummer
extensions by taking roots of classes in A−, according to the point 2. in
Remark 1. In fact, if Ω+ = ΩY
−
is the fixed field of the minus part of
Y := Gal(Ω/K∞), we have Ω
+ = K∞[(A
−)1/p
∞
]. Here K indicates that we
might have to adjoin first the roots of some expressions of the type ℘/℘,
with ℘ a principal prime of K∞ above p.
The galois properties of the Kummer pairing imply more precisely that
M+ ⊂ K∞[N1/p∞ ], and since TGal(M+/K∞) = 0, it follows that T ∗Rad(M+/K∞) =
0. Considering Z := Gal(K∞[N
1/p∞ ]/K∞) ∼= N•, it follows in fact that
M+ = (K∞[N
1/p∞ ])TZ . It follows by duality that Rad(M+/K∞) ∼= N/(T ∗N).
There is an exact sequence of pseudoisomorsphisms:
1→ N [T ∗]→ N → N → N/(T ∗N)→ 1,
in which the central map is T ∗ : N → N . From this, we deduce
DL(K) = Zp-rk(Gal(M+/K∞)) = Zp-rk(Rad(M+/K∞))
= ess. p-rk(N/T ∗N) = ess. p-rk(N [T ∗]).
We have thus shown that ess. p-rk(A−[T ∗]) = DL(K) and for each L ⊂M+
there is a sequence a ∈ A−(T ∗) \ T ∗A−(T ∗) with L = K∞[a1/p∞ ]. This
completes the proof of the Proposition 1.
5. Proof of Proposition 2
Let n > N be fixed and x ∈ A−(L′n) be such that β0(x) 6= 0, with β0
the projection in (7). If R ∈ x, then Rs = (ρ), ρ ∈ L′, so N (ρ) = (1). Let
ξ = ζpN be a primitive p
N -th root of unity, so ξ generates the p part of
the roots of unity W (Ln). One verifies by local class field theory that ξ 6∈
N (L′n×). It follows that, after possibly modifying ρ by some non primitive
root of unity, we may assume that N (ρ1−) = 1 and thus ρ1− = ws, for
some w ∈ L′×. Then X := R1−/(w) verifies Xs = (1) and [X] = x2.
The assumption β0(x) 6= 0 implies that X is not a lift from K, so it must
be a ramified ideal. Let Bn = Λ[∆]bn be the module generated by all
classes which contain ramified ideals. We have thus shown that β0 : Bn →
Ĥ0(F,A−(L′n)) is a surjective map. In particular Ĥ
0(F,A−(L′n)) is an Fp-
module of rank p-rk(Ĥ0(F,A−(L′n))) ≤ p-rk(Bn). Since N|ι(A−(Ln)) = ·p,
the group Ĥ1(F,A−(L′n)) is also an Fp-module. The class group A
−(Ln) is
finite, so the Herbrand quotient vanishes and we have |Ĥ1(F,A−(Ln))| =
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|Ĥ0(F,A−(Ln))| and thus
p-rk(Ĥ1(F,A−(L′n))) = p-rk(Ĥ
0(F,A−(L′n))) ≤ p-rk(Bn).(8)
Let Tn denote the image of T in the ring Rn := Λ/(p, ωn). We shall prove
that
Ĥ1(F,A−(L′n))
∼= Fp[∆][Tn].(9)
All the claims of the Proposition follow from this fact. Indeed, the iso-
morphism β1(A
−(L′n)))
∼= Fp[∆][Tn] is consequence of (9). Since the p-
ranks of Ĥ i(F,A−(L′n)) are equal by (8) and p-rk(Fp[∆][Tn]) is the num-
ber of distinct ramified primes in q, thus the upper bound established for
p-rk(Ĥ0(F,A−(L′n)), it follows that this rank is maximal. In particular, the
ramified primes in Bn = {gQn : g ∈ Gal(Ln/K)} generate classes with inde-
pendent images β0(gbn) and Bn/pBn ∼= Ĥ0(F,A−(L′n)) ∼= Fp[∆][Tn] too. We
have lim←−n Fp[∆][Tn] = Fp[∆][[T ]], so in the projective limit, Ĥ
i(F, pA−(L′))
are free Fp[[T ]]-modules of rank D.
It is simple now to show that b must be indecomposed. Indeed, since we
established that p-rk(Λb) =∞, we certainly have b 6∈ L(pA−(L′)). Likewise,
if b ∈ M(pA−(L′)), the relation a = pb would imply that p-rk(ΛaN ) =
deg(ωN ); however p-rk(ΛaN ) ≤ λ−(K) and we may choose N large enough
to obtain a contradiction. It remains that b is indecomposed.
The rest of this section is dedicated to the proof of (9). Since qn is totally
split above Q, it follows that the residue field is Kn = O(Ln)/qn ∼= Fq; let
L′n = L
′
Qn
and Ln = Lqn
∼= Qq. Then L′n ∼= F, with F the subfield of degree
p of Qq[ζq]. Let r
′ ∈ F×q be a generator and r = r′(q−1)/p
N
generate the
maximal p-cycle contained in F×q . Since F/Qq is tamely ramified, it follows
by class field that
r 6∈ N(F×) and(10)
Gal(F/Qq) ∼= 〈r〉/〈rp〉.
Let now P (M) denote the principal ideals of some number field M. We
deduce from the previous consideration the following global result:
Lemma 4. Notations being like above,
Ĥ(1)(F,A−(L′n))
∼= P−(Ln)/N (P−(L′n)),(11)
the isomorphism being one of cyclic Fp[∆n]-modules.
Proof. Note that both modules in (11) are annihilated by p. In the case of
P−(Ln)/NP−(L′n) this is a direct consequence of
(P−(Ln))
p = N (P−(Ln)) ⊂ N (P−(L′n)).
Let πn : P
−(Ln) → P−(Ln)/N (P−(L′n)) denote the natural projection
and let a ∈ Ker (N : A−(L′n) → A−(L′n)). Then pu(s)a = −sp−1a and
thus pa = −sp−1u−1(s)a; a fortiori β1(pa) = 0 for all a ∈ A−(L′n), so
pĤ(1)(F,A−(L)) = 0. Let now a ∈ Ker (N : A−(L′n)→ A−(L′n)) and A ∈ a
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be some prime . Let (α) = N (A). The principal ideal a := (α/α) ∈ P−(Ln)
has image πn(a) which depends on a but not on the choice of A ∈ a. This
is easily seen by choosing a different ideal B = (x)A ∈ a: then N (B1−) =
a · N (x/x) ∈ a · N (P−(L′n), and πn(N (B1−)) = πn(N (A1−)) = πn(a) de-
pends only on a. Suppose now that a ∈ N (P−(L′n). Then there is some
y ∈ L′×n such that N (A1−) = (N (y))1− and thus N (A/(y))1− = (1). Since
Ĥ(1) vanishes for ideals, it follows that there is a further ideal X ⊂ L′n such
that
A1− = ((y)Xs)1− ,
and thus a2 ∈ (A−(L′n))s. But then β1(a) = 0. We have shown that
there is a map λ : Ĥ(1)(F,A−(L′n)) → P−(Ln)/N (P−(L′n)) defined by the
sequence of associations β1(a) 7→ a 7→ πn(a), which is a well defined injective
homomorphism of Fp-modules.
In order to show that λ is an isomorphism, let x := (x/x) ∈ P−(Ln) \
N (P−(L′n)) be a principal ideal that is not a norm from L′n. Let the Artin
symbol of x be σ =
(
L′n/Ln
x
)
∈ Gal(L′n/Ln); since L′n/Ln is real, the complex
conjugation commutes with ν and we have(
L′n/Ln
x
)
=
(
L′n/Ln
x
)
= ν = ν.
Consequently,
(
L′n/Ln
(x/x)
)
= 1 – we may thus choose, by Tchebotarew, a prin-
cipal prime (ρ) ⊂ Ln with ρ ∼= x/x mod q, and which is split in L′n/Ln.
Let R ⊂ L′n be a prime above (ρ) and R = [R1−] ∈ (A−)(L′n) be its
class. We claim that β1(R) 6= 0. Assume not, so R = (y)Ys, with
y ∈ L′n and Y ⊂ L′n; thus N (R1−) = (N (y/y)) ∼= x mod N (P−(L′n)).
Since (N (y/y)) ∈ N (P )−(L′n) by definition, it follows that x = (x/x) ∈
N (P )−(L′n), which contradicts the choice of x. The map is thus λ surjective,
and in view of the previous result, it is an isomorphism of Fp[∆n]-modules,
while Fp[∆n] + Fp[Tn][∆]. The proof will be completed if we show that at
least one of the modules is isomorphic to Fp[∆n]. Consider
R0 := O(Ln)−/(qO(Ln) · (O(Ln))p) ∼= (L×n /N (L′×n ).
By the Chinese remainder theorem, and in view of (10), we have R0 ∼=
Fp[Gal(Ln/Q)] and consequently R1 := R
−
0
∼= Fp[∆n]. Finally, for showing
that
(L×n )
−/N ((L′×n )−) ∼= P−(Ln)/N (P−(L′n)),
we note first that an ideal (α1−) ∈ P−(Ln) is determine by (α1−) ∈ (L×n )−,
up to roots of unity: therefore
p-rk(P−(Ln)/N (P−(L′n))) ≥ p-rk((L×n )−/N ((L′×n )−))− 1.
Recall that the field K in Lemma 3 is an imaginary quadratic field which
contains no p-th roots of unity. It follows that
p-rk(P−(K)/N (P−(K · F))) = p-rk(rankK−/(K · F)−) = 1,
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and since P−(Ln)/N (P−(L′n)) is a cyclic Fp[∆n]-module, it follows that in
fact
p-rk(P−(Ln)/N (P−(L′n))) = p-rk((L×n )−/N ((L′×n )−)),
so
Ĥ1(F,A−(L′n))
∼= P−(Ln)/N (P−(L′n)) ∼= Fp[∆][Tn],
which completes the proof. 
5.1. Avoiding the assumption µ = 0. The fact that µ = 0 for cyclotomic
extensions of Q has been proved in [12], so it is a legitimate assumption,
which simplifies the proof of Leopoldt’s conjecture for such fields. We men-
tioned however that the proof may be completed without assuming this fact.
We keep the notations introduced above and assume that M(K) 6= 0; let pj
be its exponent and let f(T ) ∈ Zp[T ] be the minimal annihilator polynomial
of L(pA−(K)). Moreover, we let
E(K) = Eµ ⊕ Eλ, Eλ =
⊕
j
Λ/(f
ej
j ),
be the elementary Λ-module associated to pA−(K∞) and F (T ) :=
∏
j fj(T )
ej
be its characteristic polynomial.
We shall prove the following alternative to Proposition 2:
Proposition 3. For N sufficiently large and L/K a CM Zp-extension with
L ⊃ KN , we have f(T )L(pA−(L)) = 0 mod pj, and exp(M(pA−(L)) = pj.
Assuming the Proposition, we can replace the condition N2. by ωn0 ∈
(pj+1, F (T ))Λ and the reader may verify that this implies that Tb is decom-
posed and the rest of the proof is identical.
Proof. The proof of the Proposition is based on facts and ideas from the
Thesis of So¨ren Kleine [9]. We first review the facts and notations from this
thesis, which are relevant in our context. Then Kleine proves the following
generalization of a result on stabilization of Λ-modules of Fukuda, which
applied only for the case µ = 0.
Fact 1. Let K∞/K be some Zp-extension
3 in which the primes above p are
totally ramified. Let F (T ) be the characteristic polynomial of pA(L) and
g(T ) ∈ Λ be a prime which is coprime to F (T ). If n is such that
Λ(An/(gAn)) ∼= Λ(An−1/gAn−1),
then Λ(An/(gAn)) ∼= Λ(Am/gAm) for all m > n.
The fact naturally adapts to minus parts and it is a consequence of The-
orem 3.6 and Lemma 3.10, p. 51, resp. 56. [9]. The next step is to
choose g(T ) in order to relate Fact 1 to the Iwasawa invariants of any
Zp-extension which contains Kn. Returning to our usual notation, i.e.
3Note that here we break the convention of denoting the cyclotomic Zp-extension by
K∞, and allow this to be an arbitrary extension. The application will be for the cyclotomic
one, though, hence the exception.
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K∞ denoting the cyclotomic Zp-extension of K, this is particularly easy
in our case, in which pA−(K∞) has no finite Λ-submodules. Also, in view
of Lemma 1, any CM Zp-extension L with L ∩ K = Kn will have the fi-
nite torsion F(pA−(L)) = C− ∼= Z/(pn · Z). Moreover, C−n = Λrn with
r = (rn)n∈N ∈ pA−(K∞)(T ∗).
Let g(T ) ∈ Zp[T ] be a distinguished polynomial which is coprime to F (T );
such a polynomial can be found, given the fact that u(T ) draws values from
an infinite group, while F (T ) has finitely many zeroes in Qp. Using the
Definition 3.40 of the g-ranks rkg, the Proposition 3.41 [9] implies that
sK(g) := rkg(E(pA−(K∞)) = rkgpA−(K∞)
sL(g) := rkg(E(pA−(L)) = rkgpA−(L) + 1.
For g(T ) = T + pu(T ), u ∈ Λ×, u(T ) draws values from an infinite group,
while F (T ) has finitely many zeroes in Qp, so we may choose g coprime to
F . Assuming N sufficiently large, the Fact 1 implies sK(g) = µ(K)+λ(K) =
µ(L)+λ(L)+1. Take now M > deg(F ) and let g = TM +pu(T ) be coprime
to F . In this case we deduce by the same argument that Mµ(K) + λ(K) =
Mµ(L)+λ(L)+1. Combining the two relations, we deduce that µ(L) = µ(K)
and λ(L) = λ(K) − 1, the defect in λ being generated by the sequence
r ∈ pA−(K)∞ which remains stable and becomes torsion in L. Since pA−(L)
and pA−(K∞) agree at level n, it follows that the minimal polynomials are
also congruent modulo the subexponent of A−(KN ). In conclusion, all claims
of Proposition 3 can be fulfilled for sufficiently large N , which completes the
proof. 
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